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Linear combinations

1
Is |2

1 -1
a linear combination of (0| and | 1 |7
3 3 -3

In other words, are there x and y scalars such that =z (0| + vy

1 -1 1
1 (=127
3 -3 3
_ 1 -1 1 0 3
=Y - ; 0 1 9 input output 01 2
vy= 3 -3 3 00
3r—3y=3
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Linear combinations

Linear combinations

2
Is

-1

1
3| a linear combination of [Of and | 1
4

?
3

-3

In other words, are there x and y scalars such that =z (0| + vy

1 -1 2
1 (=137
3 -3 4
_ 1 -1 1 0 5
T y_; 0 1 3 input output 0 1 3
vy= 3 -3 4 0 0
3r—3y=14

(CONAHCYT INAOE)

Linear algebra



A system of linear equations LS(A,b) is consistent if and only ifb is a linear
combination of the columns of A.
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r—y=1

T+y=3

=] F = E DA
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A system of linear equations LS(A,b) is consistent if and only ifb is a linear
combination of the columns of A.
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A system of linear equations LS(A,b) is consistent if and only if b is a linear
combination of the columns of A.
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Linear combinations

A system of linear equations LS(A,b) is consistent if and only if b is a linear
combination of the columns of A.
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A system of linear equations LS(A,b) is consistent if and only ifb is a linear
combination of the columns of A.
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20 — 2y =4
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A system of linear equations LS(A,b) is consistent if and only ifb is a linear
combination of the columns of A.
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A system of linear equations LS(A,b) is consistent if and only if b is a linear
combination of the columns of A.
=] 5 = = DAy




Linear combinations

A system of linear equations LS(A,b) is consistent if and only if b is a linear
combination of the columns of A.
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Linear combinations

A system of linear equations LS(A,b) is consistent if and only ifb is a linear
combination of the columns of A.
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Spanning set

Spanning set

Definition

If S ={vi,va,...,vi} is a set of vectors in R™, then the set of all linear

combinations of vy, vs, ..., v is called the span of vy, vs, ..., v, and is denoted by
({v1,va,...,vi}) or (S). If (S)=IR", then S is called a spanning set for R".

=] F = E DA
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Example

Show that R? = ({ [_21] : B] )
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Spanning set

Example

Show that R? = ({ [_21] , M by

We need to show that an arbitrary vector [Z} can be written as a linear
combination of [_21} and [iﬂ that is, we must show that the equation
2 1 a
(4] eols] - [

can always be solved for z and y (in terms of a and b), regardless of the values of
a and b.
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Example
2 1 a
-1 3 b }

3 b 2R + Ro -1 3 b
2 1 a 0 7 a+2b
irR, [-1 3 b 3R, +R, |—1 0
0 1 (a+2b)/7 0 1

(b— 3a)/7
(a + 2b) /7]

=] F = E DA
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Example

2 1 a| Rie R |—1 3 b| 2Ry +R, |[—1 3 b
-1 3 0 2 1 a 0 7 a+2b
iR, |[—=1 3 b —8R,+ R, |—1 0 (b—3a)/7
[O 1 (a+2b)/7] [O 1 (a+2b)/7
From which we see that © = (3a — b)/7 and y = (a + 2b)/7. Thus, for any choice

(=) B () B =)

of a and b, we have
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Example

2 1 a| Rie R |—1 3 b| 2Ry +R, |[—1 3 b
-1 3 0 2 1 a 0 7 a+2b
try [-1 3 b S3met+m [~1 0 (b—3a)/7
[0 1 (a+2b)/7] [0 1 (a+2b)/7
From which we see that © = (3a — b)/7 and y = (a + 2b)/7. Thus, for any choice

() 3]+ (22 -
e 2] i [
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Linear dependence
Definition

A set of vectors vy, Vs, ..., Vi is linearly dependent if there are scalars
c1,C2, ..., C, at least one of which is not zero, such that

v +cava + -+ v =0

A set of vectors that is not linearly dependent is called linearly independent.

=] F = E DA
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Linear dependence

Definition

A set of vectors vy, Vs, ..., Vi is linearly dependent if there are scalars
c1,C2, ..., C, at least one of which is not zero, such that

V1 +cava + -+ v =0

A set of vectors that is not linearly dependent is called linearly independent.
21 |1

4
i ?
Are [6] , [3] and [1] linearly dependent?
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Linear dependence

Definition

A set of vectors vy, Vs, ..., Vi is linearly dependent if there are scalars
c1,C2, ..., C, at least one of which is not zero, such that

V1 +cava + -+ v =0

A set of vectors that is not linearly dependent is called linearly independent
21 |1

4
i ?
Are [6] , [3] and [1] linearly dependent?
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Linear dependence

Vectors vy, Vs, ..., V,, in R™ are linearly dependent if and only at least one of the
vectors can be expressed as a linear combination of the others.

=] F = E DA
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Linear dependence

Vectors vy, Vs, ..., V,, in R™ are linearly dependent if and only at least one of the
vectors can be expressed as a linear combination of the others.

It is almost obvious by “moving” some linearly dependent vector to the right. l
=] 5 = E DAy




Example 1
1 -1
Are [4] and [2

] linearly dependent?
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Example 1
1 -1
Are [4] and [2

} linearly dependent?

Is any of them a multiple of the other?
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Example 1

Are [ﬂ and [_1

9 } linearly dependent?
Is any of them a multiple of the other?

No. So, they are linearly independent.
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Example 2
17 o 1
Are |1], [1], and |0
o] |1

linearly dependent?
1
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Example 2

1 0 1
Are |1, |1],and |0
0

linearly dependent?
1 1

1
Cl].

Are there scalars ¢y, co, c3, different from zero, such that
0 1

+co |1 4¢3 |0

0 1 1

0
= (0] 7
0
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Linear dependence

Example 2
1 0 1

Are (1|, [1]|, and |0] linearly dependent?
0 1 1

Are there scalars ¢y, co, c3, different from zero, such that

1 0 1 0
c1 |1 +e |1 +c3 |0 = (0] ?
0 1 1 0
c1+e3=0 1o 1o} o000
L4 =0 110 of 25 Q|25 10 1 0 0
eyt ez =0 0110 00 1 0

=] 5 = = N Q
Linear algebra July 9 2024 18/33
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Linear dependence

Example 2
1 0 1

Are (1|, [1]|, and |0] linearly dependent?
0 1 1

Are there scalars ¢y, co, c3, different from zero, such that

1 0 1 0
c1 |1 +e |1 +c3 |0 = (0] ?
0 1 1 0
c1+e3=0 1o 1o} o000
L4 =0 110 of 25 Q|25 10 1 0 0
eyt ez =0 0110 00 1 0

Thus, ¢; =0,c2 =0, and c¢3 = 0. The vectors are linearly independent.
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Example 3
1 0 -1
Are |—1|, | 1 |, and
0 -1

0

linearly dependent?
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Linear dependence

Example 3

linearly dependent?
1

Are there scalars ¢y, co, c3, different from zero, such that

(CONAHCYT INAOE)

C1

1 0 —1
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Example 3

1 0 -1
Are |—1[, | 1 |,and | O
0 -1

linearly dependent?
1

Are there scalars ¢y, co, c3, different from zero, such that

1 0 —1 0
cp |1 +ec | 1| +e3| O] =]0f ?
0 -1 1 0
Yes,
1 0 -1 0
-1 +|1|+|[0|=]0
0 —1 1 0
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Example 4
1 1 1
Are [2|, | 1 |, and |4
0 -1

linearly dependent?
2
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Example 4

1 1 1
Are [2|, | 1 |, and |4
0 -1

linearly dependent?
2

Are there scalars ¢y, co, c3, different from zero, such that

1 1 1 0
C1 2 +CQ 1 +03 4 = O ?
0 -1 2 0
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Linear dependence

Example 4
1 1 1

Are |2]|, | 1 |, and [4]| linearly dependent?
0 -1 2

Are there scalars ¢y, co, c3, different from zero, such that

1 1 1 0
c1 |2 e | 1| +ec3 |4 = (0] ?
0 ~1 2 0
cg+cate3=0 1 1 1 0] . 10 3 0
21 + ¢+ 4ez = 0 2 1 4 o] Mgy 1o 1 —2 0
0 -1 20 00 0 0

—co+2c3=0
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Linear dependence

Example 4
1 1 1

Are |2]|, | 1 |, and [4]| linearly dependent?
0 -1 2

Are there scalars ¢y, co, c3, different from zero, such that

1 1 1 0
c1 |2 e | 1| +c3 (4] = (0] 7
0 -1 2 0
citeate3=0 1 1 1 0] . _— 10 3 0
21 + ¢+ 4e3 =0 2 1 4 0| 22 P50 01 -2 0
ey + 23 =0 0 -1 2 0 00 0 O
Thus, ¢y = —3c¢3,co = 2¢3, and c3 is a free variable. Therefore, The vectors are

linearly dependent.

(CONAHCYT INAOE) Linear algebra July 9 2024 20/33



dependent if and only if LS(A, Q) has a nontrivial solution.

V] with these vectors as its columns. Then vy,va, ..., V,, are linearly

=] F = E DA
(CONAHCYT INAOE) Linear algebra
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Let v1,Va, ...,V be (column) vectors in R™ and let A be the n x m matrix
[vl v2 e




Linear dependence

Let v1,Va, ...,V be (column) vectors in R™ and let A be the n x m matrix
[Vi vo - wy,] with these vectors as its columns. Then vi,va, ..., v, are linearly
dependent if and only if LS(A, Q) has a nontrivial solution.
Vectors vy, Vs, ..., v, are linearly dependent if and only if there are scalars
C1,€2, ..oy Cy, (not all them zero) such that c1vy + cava + -+ + ¢V, = 0.

The previous paragraph is equivalent to saying that the nonzero vector

solution of LS(A,0).

C1
C2
IS a
Cm
O
[} = =
(CONAHCYT INAOE) Linear algebra



Example

The standard unit (column) vectors e;, ey, e3 are linearly independent in R?
because [e; e2 e3|0] is already in reduced row-echelon form

1.0 00
01 0 0
0 010
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Linear dependence

Example

The standard unit (column) vectors e;, ey, e3 are linearly independent in R?
because [e; e2 e3|0] is already in reduced row-echelon form

1.0 00
01 0 0
0 010

It only has the trivial solution. In general, we can see that e;,es,--- ,e, are
linearly independent in R™

=] 5 = = N Q
Linear algebra July 9 2024 22/33
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Example (rows)
Row-reduce a matrix with the following row vectors
[1,2,0] [1,1,-1]

[1,4,2]
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Example (rows)

Row-reduce a matrix with the following row vectors

1,2,0] [1,1,-1] [L,4,2]
12 0] ., 12 07 1 2 o0
11 - Bezfr e g g g fe=olmAR oy
1 4 2 1 4 2 0 2 2
R = 2R, + R;, 1 2 0
B2l 0 -1 —1
0 0 0

(CONAHCYT INAOE)
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Linear dependence

Example (rows)

Row-reduce a matrix with the following row vectors

[1,2,0]

1,1,-1] [1,4,2]
T R R N O I R P
1 4 2 1 4 2 0 2 2
RY = 2R}, + R}, 12 0
B2l 0 -1 —1
0 O
Therefore,

0

0=Rj =2R,+ Ry, =2(—R1+ R2) + (—R1 + R3)
Namely,

—3R1 +2R> + R3
(CONAHCYT INAOE)
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Linear dependence
Let vq,Va, ...,V be (row) vectors in R™ and let A be the m x n matrix
only if r(A) < m.

Vi

Vim,

=] F = E DA
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Linear dependence

Let vq,Va, ...,V be (row) vectors in R™ and let A be the m x n matrix
only if r(A) < m.

Vi

Vo
Vi
with these vectors as its rows. Then vy,vs, ..., v, are linearly dependent if and

Just generalize the previous example.

(CONAHCYT INAOE)

Linear algebra

DA



Naming the » number
Definition

row-echelon form.

The rank of a matrix A, denoted by 7(A) is the number of nonzero rows in its

(CONAHCYT INAOE)
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Naming the » number

the system is consistent, then

number of free variables = n — r(A)

=] F = E DA
(CONAHCYT INAOE) Linear algebra

Let A be the coefficient matrix of a system of linear equations with n variables. If
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Summary

@ Vectors can be the result of linear combinations of other vectors.
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- Eing
Summary

the column vectors of A.

@ Vectors can be the result of linear combinations of other vectors.
o A system LS(A,b) is consistent if and only if b is a linear combination of
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Summary

@ Vectors can be the result of linear combinations of other vectors.

o A system LS(A,b) is consistent if and only if b is a linear combination of
the column vectors of A.

o The span of a set S of vectors, ({S}), is the set of all their linear
combinations.

(CONAHCYT INAOE) Linear algebra July 9 2024 28/33



Summary

@ Vectors can be the result of linear combinations of other vectors.

o A system LS(A,b) is consistent if and only if b is a linear combination of
the column vectors of A.

o The span of a set S of vectors, ({S}), is the set of all their linear
combinations.

o A set of vectors is linearly independent if none of them is a linear
combination of the others. In other words, all vectors are “necessary” or
“important” (for the span).
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LS(A,0) has a nontrivial solution.

@ The column vectors of a matrix A are linearly dependent if and only if
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@ The column vectors of a matrix A are linearly dependent if and only if
LS(A,0) has a nontrivial solution.

o The column vectors of a matrix A are linearly dependent if and only if AV/(A)
has a nonzero vector.

[} = =
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@ The column vectors of a matrix A are linearly dependent if and only if
LS(A,0) has a nontrivial solution.

o The column vectors of a matrix A are linearly dependent if and only if AV/(A)
has a nonzero vector.

@ The row vectors of an m x n matrix A are linearly dependent if and only if
r(A4) < m.

(CONAHCYT INAOE) Linear algebra July 9 2024 29/33



- Endig|
Homework

Determine if vector v is a linear combination of the other vectors.

o= o ow= [ o= 2]

1 0
v=|2|,uy=|1|,up=|1
-1 0 1
1 1 0
v= |2, ,uy = [1|,us=|1
3 0 1

(CONAHCYT INAOE)
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- Endig|
Homework

Find the span of the following vectors (a) geometrically and (b) algebraically
2 —1
a2 2]y

o6
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Next topics

Linear algebra

Matrices
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Thank you
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