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1 Trail mix packaging
Exercise 1 Our profit objective function is of the form
Profit =af +0 .
We know the following;:
o fc{825,...,960}.

e If a < 0, the maximum profit is achieved by f = 825, which leads to selling
0 kg of the bulk variety.

e If a > 0, the maximum profit is achieved by f = 960, which leads to selling
0 kg of the standard variety.

Only a coefficient a of 0 allow us to avoid the extreme cases f = 825 and
f =960. Thus, to sell more than 0 kg of each variety, and still maximize the
profit, the coefficient a must be 0. So, we are looking for an x that satisfies the
following equation

0f +b= (4f — 3300)(4.99 — 3.70) 4 (=5 + 4800)(z — 3.85) + f(6.50 — 4.45) .

By reducing and grouping common terms,

0f +b=>5.16f — 4257 — 5fz + 19.25f — 18480 + 4800z + 2.05f
= 26.46f — 22737 — 5fx + 4800z
= £(26.46 — 5z) — 22737 + 4800z .

Therefore, 26.46 — 5z = 0 and

26.4
x:$:5.292 .

With this value of x, the profit is



Profit = 2664.6

which no longer depends on how many kilograms of the fancy variety are sold.
Thus, choosing any value in {826, ...,959} implies that more than 0 kilograms of
the other varieties will be sold and the profit is maximized. In other words, the
objective function is “flat” (has the same value) for any value of f that follows
the imposed constraints.

2 Systems of linear equations

Exercise 1 Prove the third equation operation: Multiply each term of one
equation by some quantity, and add these terms to a second equation. Leave
the first equation the same after this operation, but replace the second equation
by the new one.

Let S denote the solution set of the original system, and T" denote the solu-
tion set of the transformed system. We must prove S =T, i.e., (a) S C T and
(b)y T CS.

(a) SCT
Suppose « is a number. Let’s multiply the terms of equation j by « and add
them to equation ¢. Then, the resulting equation replaces equation 1.

a1171 + 1272 + 41373 + -+ + A1 Ty = b1
a21%1 + A22%2 + A23T3 + - -+ + A2p Ty = by

az1z1 + azer2 + azzrs + - + agnTn = by
(aaji + a;1)z1 + (aaje + a)rs + - + (@ajn + Gin)zy, = abj +b;

Am1T1 + Qm2T2 + G323 + - - + AGmnTp = by,

Assuming (z1,x2,....,2,) = (61,52,...,0,) 1s in S, all equations (different
from equation ) in the transformed system are satisfied. So, it is only equation
1 which requires our attention.

‘We know that

a;181 + ai2B2 + - + @i fn = b
aj1f1 + ajfa+ -+ ajnfn = b;

So, by distributivity



aaj1fr + aajefe 4 - - - + aajp By, = ab;

By adding equation ¢ and grouping common terms,

(aji + ain)pr + (aajz + ai2)Ba + - + (aajn + Bin)Tn = abj +b;
Thus, S C T.
(b)yTCS
Assuming (z1, 9, ...,2,) = (81,02, ...,0,) is in T, all equations (different

from equation i) in the original system are satisfied. So, it is only equation ¢
which requires our attention.

‘We know that

(aaji + a;1)B1 + (aajz + ai2) B2 + - -+ + (Qjn + ain)Br = abj +b; .
So, by distributivity

(aaji B + aajofe + -+ aajnfBn) + (an B + aipfe + - - + ai3f3) = abj + b;
By removing, from both sides, aaj1 61 + aaj2B2 4 - - - + aajn B = ab; we get

ai1f1 + aigfa + -+ aizfz = b;
So, T'C S. Since (a) and (b) are true, S =1T.

Exercise 2 Find all the six-digit numbers in which the first digit is one less
than the second, the third digit is half the second, the fourth digit is three times
the third, the last two digits sum a number that equals the sum of the fourth
and fifth, and the fourth and sixth digits are equal. The sum of all the digits is
24.

First, let us model the problem

1‘1:£E2—1

1
I3 = 51‘2
Ty = 31‘3

T5 + g = Tyg + T35
Ty = T
T+ To+ T3+ T4+ x5+ 6 = 24



Notice that x4 = xg. So, we can further reduce the model

T3 = ;T2
2

334—3563
T 4 =X
TA=FT

I1+I2+ZE3+2I4+I5:24

5

Thus, this is the resulting augmented matrix of the system of linear equations

1 -1 0 0 0 -1
0 -1/2 1 0 0 0
0 0 3 -1 0 O
1 1 1 2 1 24
Let us apply Gauss-Jordan elimination
1 -1 0 0 0 -1 1
~Ri+Rs |0 =1/2 1 0 0 0| —2r, |0
0 0 3 -1 0 0 0
0 2 1 2 1 25 0
10 -2 0 0 -1 1
Ro + Ry 0 ]. 72 0 0 0 —2Ro + Ry 0
00 3 -1 0 O 0
0 2 1 2 1 25 0
1 0 -2 0 0 —1 10
%R:} 0 1 -2 0 0 O 2R3 + R1 0 1
00 1 -1/3 0 0 0 0
0 0 5 2 1 25 0 0
1 00 -2/3 0 -1 1
2Rs+R, [0 1 0 —-2/3 0 0| —s5Rs+Rs |O
001 -1/3 0 0 0
0 0 5 2 1 25 0
10 0 —-2/3 0 -1 1
SR [0 1 O —2/3 0 0 2Rs+ Ry 0
0 0 1 -1/3 0 0 0
0 0 O 1 3/11 75/11 0

N O =

o O = O

SO = O

o o= O

—9/3

~1/3

o= oo

O = O O

—9/3
—2/3
~1/3
11/3

~2/3
~1/3

o oo — o oo
< o

_ o O O
o

_— o O O
jan)}

2/11 39/11
0 0
0 0

3/11 75/11



100 0 2/11 39/11 1 00 0 2/11 39/11

2Ri4+R: (001 0 0 2/11 50/11| %R«+Rs [0 1 0 0 2/11 50/11
“looo1 —1/3 0 0 “looo 1 0 1/11 25/11
000 1 3/11 75/11 00 0 1 3/11 75/11

Since the domain of the variables is {0,1,...,9}, the only value of the free
variable x5 that makes sense is x5 = 3. Therefore, z1 = 3, 2 = 4, 3 = 2,
x4 = 6, and g = 6. Thus, the six-digit number that satisfies the required
conditions is: 342636.

Exercise 3 Suppose that the coefficient matrix of a consistent system of lin-
ear equations has two columns that are identical. Prove that the system has
infinitely many solutions.

We know that A is consistent and

ai; a1j
a2; a2;
Amyi Qg

where 7 < j. After applying Gauss-Jordan elimination, there are two sce-
narios: (a) column i is a pivot column or (b) column ¢ is not a pivot column.

Case (a). Since column % is a pivot column, it contains a leading 1 entry,
agi- S0, all of its entries are 0 but ag;. Since column 7 and j are identical, any
row operation performed over an entry of column 4 has the same effect on the
corresponding entry of column j. So, by the end of Gauss-Jordan elimination,
column j has 0 on all of its entries but in a;;. Since row k has already a leading
1, column j is not a pivot column. Therefore, j € F and n — r > 0. So, there
are infinite solutions.

Case (b) is easier. If column i is not a pivot column, then i € F and n—r > 0.
So, there are free variables and there are infinite solutions.

Exercise 4 Consider the homogeneous system of linear equations £S(A,0),
and suppose that u = [ug, ua, ..., u,] is one solution to the system. Prove that
v = [duq, dug, ..., 4u,] is also a solution to LS(A,0).

Since u is a solution,



4(aru1 + a12uz + aizug + - - + a1pu,) = 4(0)
4(ag1ur + asoug + agzus + - - - + aspty,) = 4(0)
4(am1u1 + amaus + apmzug + - - + amnun) = 4(0)

By distributivity, commutativity, and associativity

ayidur + ajpdus + ajzduz + - - - + apdu, =0

as14u + asgdus + aszdus + - - - + aspdu, =0

ami1dur + amodus + apmszdus + - - + ampdu, =0

Therefore, v = [4uy, 4us, ..., 4u,] is also a solution to LS(A4, 0).

Exercise 5 If any, find the values of k for which each system has (a) no so-
lution, (b) one solution, (c) infinite solutions. (Avoid using the determinant

concept.)
(1)
krxr+2y=3
20 — 4y = —6
E 2 3| ReR |2 —4 —6] 3R |1 -2 —=3| —kRi+R, |1 -2 -3
2 -4 -6 k2 3 E 2 3 0 2k+2 3k+3
7z R [1 —2 3;33} 2R + R [1 0 g’,gig—}
+ 3k+3
0 1 5 01 %5

The coefficient matrix is reduced to the identity matrix if and only if 2k+2 #
0. So, there is one solution to LS(A,b) when k # —1. In case k = —1,

-1 2 3| -1ir, |1 -2 —=3| —2Ry+R, |1 -2 -3

2 -4 —6 2 —4 -6 0 O 0
The last row is all zeros. Therefore, r = 1 and thereisn—r =2—1 =1 free
variable. Thus, there are infinite solutions when & = —1. Since all values of k
have been explored, there are no values of k that makes the system inconsistent.



(2)

c+ky=1

kx+y=1
1 k 1] —kri+ Ry |1 k 1 el 1k 1 —kRz+R: |1 0 %*—1
[k 1 1}‘ 10 k241 k1 0 1 =5 01 =%

So, the coefficient matrix reduces to the identity matrix only if 1 — k% # 0,
ie., if kK # 1 and k # —1. In that case, there is one solution to the system. In

case k=1
1 1 1| -Ri+R, |1 1 1
[1 1 1] {O 0 O}
Since the last row is all zeros, there are free variables and the system has

infinite solutions.
In case k = —1,

1 -1 1| R+R, |1 -1 1
-1 1 1 0 0 2
Since the last row corresponds to an unfeasible equation, there is no solution
to the system.

3 Vectors

Exercise 1 You have three vectors u, v, and w such that u-v =u-w. Is
always v =w?

Answer

There are vectors u = [1,1], v = [1, 2], and w = [2, 1] such that

u-v 3
u-w=(1)2)+@1)1)=3,

and

Thus, the answer is no.




Exercise 2 Prove that u-v = ||ul| ||v|| cos@ (slide 46).

Answer

The law of cosines,

[[u—vI[* = [[ul[* + [Iv[]* = 2l[u]| [[v]|cos® ,

is reduced as follows:

(u=v)-(u=v)=(u-u)+(v-v)—2[uf| [[v|[cosb
(wu)—(veu)—(u-v)+(v-v)= ( u) + (v-v) = 2[[u]| ||v]|cos b
—(v-u) = (u-v) = =2[[uf [[v|[cos

—2(v-u) = =2||u|| ||v]| cosb

u-v=|ul| ||v|]/cosb .
Exercise 3 Prove the Pythagora’s theorem for vectors in R™ (slide 49).
Answer

We must prove the following biconditional

lut I[P =l +|Iv[[* < w-v=0.

(=)

|\11+V\|2=\|11||2+\|V||2
(utv)-(utv)=(u-u)+(v-v)
(wu)+(veu)+(u-v)+(v-v)=(u-u)+(v-v)
(v-u)+ (u-v)

0
2u-v)=0
0

u-v

(«<=) Do the previous proof backwards.

Exercise 4 Prove the definition of projection over R2.

Answer

The vector p we are looking for has length ||p|| and the same direction as

B P =191 g7 )



By trigonometry,

COSG—M
[v]]
and we know that
cosf = uv
[[alf [|v]]
Thus,
1
p=|v||cos€()u
|[al|
. 1
=) ()
[[all {[v][/ \|[al|
B <u-v>u
[[ul[?
()
= —)u
u-u
So,
= (222}
u-u
O

Exercise 5 ||proju(v)|| < ||v|| in R? and R? (Can you see why?). (a) Show
that this inequality is true in R™. (b) Show that this inequality is equivalent to
the Cauchy-Schwarz inequality.

Answer

It is evident that, on R? and R3, a projected vector cannot be larger than
itself.

(a) By definition,



Iroiue)l =11 2% Jul -

‘We know that

ju-v| <{luf] ||v]]

So,

u-v 1 1
g )l = Tl ( gl < ol 1l (= )l

Therefore, ||proju(v)|| < |[|v]]-
0

(b) We want to prove that ||proju(v)|| < ||v]| if and only if [u-u| < [|u]| ||v]].

(=) Our premise is that ||proju(v)|| < ||v]|. Since ||proju(v)|| = || (E:’l)uﬂ,

u-v
(= ull < v
u-u
1
v ()l < )

1 2
. <

u-u
ju-vl{ —— | <[lvI] |[u]l
u-u

[u- v < f[uf] |v]]

O
(<) The second part of the proof is like the previous one but backward.

Exercise 6 Determine if vector v is a linear combination of the other vectors.

R B!



1 2 1] m+r [1 2 1
{—1 -1 2} >[0 1 3]

Yes, v is linear combination of u; and us:

v H — (1-2(3)) [_11] 3 m =5 {_11: +3 [—21}

(b)
3 1 0]
vV = 2 , W1 = 1 9 uz = 1
-1 0 1)
1 0 1 0 3 1 0 3
11 2| ZBtR g 1 g 2Bt Rs g 1 1
01 -1 01 -1 0 0 O
Yes, v is linear combination of u; and us:
3 1 0
v=|2|=3|1] —-1|1
-1 0 1
(c)
1 1 0
v= |2 , mp= |1 , ue=|1
3 0 1
1 0 1 1 0 1 0 3
11 of ity g 1 | R g 1
0 1 3 01 -1 0 0 -2

Since the system has no solution, vector v is not a linear combination of
vectors u; and us.

Exercise 7 Find the span of the following vectors.

(a)

2 -1
w2 2]y
2 =1 bi| 2Ri+Ry |2 -1 by
|:—4 2 bg] |:0 0 2b + bg]
The system is consistent only when 2b; 4+ bo = 0. Namely, is only for those

values that the vector of constants is linear combination of the column vectors.
Thus,

11



2] [Fn =) -0
(b)

0 3
alo) By
0 3 b éR1 0 1 %bl _4R,+ R, |0 1 %bl
[0 i bz] {0 P e R R T A

The system is consistent only when —%bl + by = 0. Namely, is only for those
values that the vector of constants is linear combination of the column vectors.

Thus,
0] [3y, (] . 4 -
alo By =] - —gpre-o
(c)
17 [3
2.1 2h

o] [-1
1 3 b 13 b1 . 13 by
2 2 by| 2R g g op by | AP0 4 —2by + by
0 —1 bs 0 -1 bs 0 0 1by—1by+bs

The system is consistent only when %bl — ibz + b3 = 0. Namely, is only for
those values that the vector of constants is linear combination of the column
vectors. Thus,

1 3 by 1 1
({ 21,1 2 }>:{ bo| : §b1—1b2+b3:0}
0 -1 b3
(d)
1 -1 0
o, 1].]-1hn
-1 0 1
1 -1 0 b 1 -1 0 by 1 -1 0 by
0 1 —1 by| B flo 1 -1 by, | EEfdp 1 by
-1 0 1 b3 0 —1 1 by +b3 0 0 0 by +0ba+bs

12



The system is consistent only when b; + bs + b3 = 0. Namely, is only for
those values that the vector of constants is linear combination of the column
vectors. Thus,

1 -1 0 by
<{ Of,1],]-1 }>={ by Zb1+b2+b3=0}
-1 0 1 bs

4 Matrices

Exercise 1 Let

1 0 -2 2 3 0
A=1-3 1 1 and B=|1 -1 1
2 0 -1 -1 6 4

(a) Use the matrix-column representation of the product to express each
column of AB as a liner combination of the columns of A.

(b) Use the row-matrix representation of the product to express each row of
AB as a linear combination of the rows of B.

(¢) Compute AB using outer products.

(a)
AB=[Ab; Ab, Aby]

where,
(1] 0 [—2] [ 47
Aby =2 |-3| +1|1|+(-1)|1]|=]-6
| 2 ] 0 |—1] | 9 |
[ 1] 0 [—2]  [-9]
Ab; =3 |-3| +(-1) |1|+6| 1| =|—4
| 2 ] 0 | —1] | 0]
1 0 -2 -8
Ab; =0 |-3| +1|1|+4|1 | =|5
2 0 -1 —4
(b)
AB
AB= |A,B
A3B

13



where,

AB=1[2 3 0]+0[1 -1 1]+ (-2)[-1 6 4] =[4 -9 -8

AB=(-3)[2 3 0]+1[1 -1 1]4+1[-1 6 4] =[-6 —4 5

AsB=2[2 3 0]4+0[1 -1 1]+ (-1)[-1 6 4] =[5 0 —4]

()

B,
AB = [al a9 ag] B2 = a1B1 + a2B2 + a3B3
B;
where,
2 3 0
a1B1— -6 -9 0
4 6 0
0 0 O
a2B2: 1 -1 1
0 0 0
2 -12 -8
a3B3: —1 6 4
1 -6 -4
So,
2 3 0 0 0 0 2 —-12 -8 4 -9 =8
AB=|-6 -9 0|+ (1 -1 1|+|-1 6 4 |=[-6 —4 5
4 6 0 0 0 O 1 -6 -4 5 0 -4

Exercise 2 Use partitioned matrices to find AB, where

12 1 0 100 1
34 0 1 011 0
A=11 o 1 1| @™ B=1]y o o 1
01 -1 1 001 0

14



We partition A and B as follows

and B =
So,
Cn Cr2
C=AB=
Ca1 022]
where,

S =R IR B

o b 30 3200 -

Therefore,
1 2 2 0]
3 4 5 3
AB = 10 1 2
0 1 2 1}
. 0
Exercise 3 Let A= 11

15

||

-1
0

0 0
0 0

|

|

1

0
0 1

2 0
5 3

1]. Find A°, A', A2 A7. What is A2015?

|



AO:_O 1
AlZA:_—Ol }
AQZAA:_—O1 } _—01 } - j (1)}
A3:A2A:_j (1) _—01 }_:__01 —OJ
’44:143‘4:__01 —01_ {—01 H:E} :ﬂ
P e
] i [ R A B
A7:A6A::(1) ﬂ :01 ﬂ:[ol HZA

Notice that A%°15 = A®  where

2015 = z(mod 6)

By definition, z is the remainder of 20(%' So, x =5, and

2015 _ 45 _ |1 —1
4 _A_[l 0

Exercise 4 Let A= [1 1} . Find a formula for A™, n > 1, and verify it using

0 1
mathematical induction.

wef
ey b - 2
eewa-f b -3
R IR

16



To this point, we conjecture that

n_ |1 n
vl

Let’s prove it by mathematical induction. The base case, n = 1, is true. Our
induction hypothesis is
1 k
k _

We now start with the induction step,
ka |1 E[]1 1| 1 EkE+1
AT = [O 1110 1] |0 1

AL {1 k+1]

Since

0 1

follows from the induction hypothesis, then the proof is completed.

5 More on matrices
Exercise 1 Use mathematical induction to prove that

(AT =(AT)" r>0

Base case:

I1=1
=1
(AO)T:(AT)O

Induction hypothesis:

Induction step:

(Ak)T — (AT)k
(Ak)TAT — (AT)kAT
(AAk)T — (AT)kJrl
(AkJrl)T _ (AT)kJrl

17



Exercise 2 Prove that (A=1)T = (AT)~1.
Using the fact that AT BT = (BA)T and the definition of inverse:

and

Therefore, the inverse of AT is (A71)7 i.e.,
(AT)fl _ (Afl)T

Exercise 3 Prove that if a symmetric matrix is invertible, its inverse is sym-
metric too.

Our premises are A = AT and A is invertible.

A= AT
A—l — (AT>_1
Afl —_ (Afl)T

The last step follows from the previous exercise. And that is the definition
of symmetry. Thus, A~! is symmetric.

Exercise 4 Prove that (A;Ay---A,)"! = A1 A;'AT! by mathematical
induction.

Base case:

For n =1, it is obviously true.

For n =2,

18



(AlAQ)’lAlAQ =17
(AlAQ)’lAlAQAgl = IA2_1
(AlAQ)’lAlf = A;l
(A1A2)’1A1 = Agl
(A Ax) A AT = At A
(A1 A) 1T = AP AT
(A1dg) ™t = Ay AT

Induction hypothesis.
(A1Ag- - Ap)t = At AT AT

Induction step, using (A;As)~! = A;'A7" (proved in the base case):

Exercise 5 Let
1 2 3 -1 2
I

Find A~'. Using A!, solve Ax = by, Ax = by, and Ax = bs. Finally, use
Gauss-Jordan elimination to simultaneously solve the three systems.

Let
1 2 a b
a=ly o =1e ]
gL [d =¥ _1[6 —2]_[3 -1
ad—bc |—c a 21-2 1] -1 1/2
So,




x = A~'by = {_31 1_/12} m - [—62]

Using Gauss-Jordan elimination,

1 2 3 -1 2| —2r+R |1 2 3 -1 2| 3R (1 2 3 -1 2
2 6 5 2 0 0 2 -1 4 -4 0 1 -1/2 2 =2

2R+ R, |1 O 4 -5 6
0 1 -1/2 2 =2

6 Subspaces and friends
Exercise 1

Let S be the collection of vectors [ﬂ that satisfy the given property. Is S

a subspace of R??

(1)

z=0
Thus,
x
S = :x=0} .
(s} ==
. 0 . 0]
Since 0 respects the constraints, 0 es.

Let u= [ul] and v = [Ul} be vectors in S.
U2 V2
)+l =t
+ =
U U2 | U2 + V2

ooz -2

Since u; = v; =0,

U2 + Vo

which respects the constraints. So, u+v € S.
Finally, for any ¢ € R,

S P

Therefore, cu € S. So, S is a subspace of R2.

20



y =2 .
Thus,

s={ls] s v=20) .

Y

0
s

x =0 and y = 0 satisfy y = 2z. Therefore, [

Let u = [ul] and v = [vl
U

2
Uy i vl | w n v | | w1+ _ U1 + U1
ug V2 - 2U1 21}1 - 2u1 + 2’01 - 2(u1 + Ul)
Thus, u4+v € S.
Finally, for any ¢ € R,

cu = c ur| c (5% | cur o Cuq
T ue| 2w |ur| | 2(cur)
Therefore, cu € S. So, S is a subspace of R?.

(3)

} be vectors in S.
V2

Thus,
x
S_{L/] cx >0, y>0} .

x = 0 and y = 0 satisfy both restrictions. Therefore, {g] e€s.

U1

Let u= [zl] and v = [ } be vectors in S.
2

V2

U U1 U1 + v
+ =
U U2 Uz + V2
Since the sum of two nonnegative numbers is a nonnegative number, u+v €

Finally, for any ¢ € R,
oeelt]-[2]
U CUu2

21



Notice that ¢ can be negative. Since u; and uy are nonnegative, cu; and cus
can be negative. Therefore, there are vectors cu € S. So, S is not a subspace
2
of R=.

(4)

zy >0 .
Thus,

T
)

s={[3] : =01 .

x =0 and y = 0 satisfy the constraint. Therefore, [8} es.

There are vectors u, v € S such that u+ v ¢ S. For instance,

o= -1

Since zy = 3(—1) is a nonnegative number, u+ v ¢ S. Therefore, S is not
a subspace of R2.

Exercise 2

Let S be the collection of vectors [ﬂ that satisfy the given property. Is S

a subspace of R3?

(1)

r=y==z .
Thus,
x
S={ly| : z=y==2} .
z
0
Since x = y = z = 0 respects the constraints, [0 € S.
0
(5% V1
Let u= [uy| and v = |vy| be vectors in S.
us V3

22



(51 VU1 (51 VU1 u1 + U1
Uz | + (v = (ur| + [v1]| = |u1 +vq
us VU3 Uy U1 uy + v1

Since all components of the sum are equal, u+v € S.
Finally, for any ¢ € R,

Ul U1 Cu1
CuU=C |Ug| =C|U1| = |CUy
us U1l Cuq

Since all components of the product are equal, cu € S. So, S is a subspace
of R3.

(2)

z=2x,y=0
Thus,
T
S={l|y| : z=2z, y=0} .
z
0
Since z = y = z = 0 respects the constraints, |0]| € S.
0
U1_ (%
Let u= |uz| and v = |va| be vectors in S.
us | U3
Uy _1)1 U U1 up + v1 uy + v
ug | + |v2| =10 [+] 0| = 0 = 0
U3 | U3 2uq 2u1 2uy + 211 Q(U1 + ’Ul)

The third component of the sum is twice the first component, and the second
component is zero. Therefore, u+v € S.
Finally, for any c € R,

(5% Uq Cu1 Ccui
cu=c|lus| =¢| 0 | = 0 = 0
U3 2uq c2uy 2cuy

The third component of the product is twice the first component, and the
second component is zero. Therefore, cu € S. So, S is a subspace of R3.

(3)

23



r—y+z=1.

Thus,
T
S={ly| :z—y+2z=1} .
z
0
x =y = z = 0 do not respect the constraint. Therefore, |0| € S. Thus, S
0
is not a subspace of R3.
(4)
lz—yl=1ly—2 .
Thus,
x
S={ly| : lz—yl=ly—=} .
z
0
x =y = z = 0 respect the constraint. So, [0 € S.
0
5 5
u= [3| and v= |7]| are vectors in S.
1 5
5 5 10
3|+ |7] = (10
1 5 6

Since [10 — 10| # |10 — 6], u + v € S. Therefore, S is not a subspace of R3.
Exercise 3 Isb e C(A)? Isw e R(A)?

(1)

A:E ? 11] ,b:[g} ,w=[-1 1 1]

For the first part, lets find a row-echelon form of the augmented matrix:

1 0 -1 3| -Ri+R. |1 0O -1 3
1 1 1 2 01 2 -1
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Since the system is consistent, b is linear combination of the column vectors
of A. Namely, b € C(A).

For the second part, lets apply Gauss-Jordan elimination:

-1
—R R,
2 2 + R3

0

1 0 -1
101 1 | BrtBsy
11

1 — 1 0
1 1| =Bt r g
0 0 0 1

=]

-1

Since we cannot further reduce the augmented matrix, w is not a linear
combination of the row vectors of A. Namely, w & R(A).

1 1 -3 1
A=10 2 1| .,b=|1] ,w=[2 4 -5
1 -1 4 0

1 1 1 1 -3 11 -3 1
0 2 1 1| Ztfsidyg o 1 q | f2EtHsi0g 9 1 g
1 -1 4 0 0 -2 7 -1 00 8 0

We can see that the system is consistent. Thus, vector b is linear combina-
tion of the column vectors of A. Namely, b € C(A).
For the second part, lets apply a series of row operations:

1 1 1 -3 1 1 -3 1
0 2 1 —Ri+Rs |0 2 1 —2R1+ Ry |0 1 —Ro+Rs |0
1 -1 4 0o -2 7 0o -2 7 0
2 4 -5 2 4 -5 0 2 1 0

Since the fourth row vector is a zero vector, w is a linear combination of the
row vectors of A. Namely, w € R(A).

Exercise 4 Find a basis for R(A), C(A), and N (A).

(1)

Lets row-reduce this matrix:
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1 0 —-1| —ry+Rr, |1 0O -1
1 1 1 01 2
Since the system cannot be further reduced, the two row vectors are lin-
early independent (none of them was reduced to the zero vector). Therefore,
{[1t 0 —1],[1 1 1]}is a basis for R(A).
Since column vectors one and two are standard unit vectors, {{ﬂ , {ﬂ} is
a basis for C(A).
Now, lets find N/ (A):

{1 0 -1 0] —Ri+Rs {1 0 -1 o}

11 1 0 01 2 0
So,
T
NA) ={|y| + y=-22, z=2z}
z
In other words,
z 1
NA) ={|-22|} ={z|-2]|} .
z 1
1
Thus, {|—2]} is a basis for N(A).
1
(2)
1 1 -3
A= |0 2 1
1 -1 4
Lets row-reduce this matrix:
1 1 -3 1 1 -3 1R 1 1 - 1 0 -7/2
0 2 1| =EEEile o2 1| 2B o 1 12| ZE=EE 0 1 12
1 -1 4 0o -2 7 0o -2 7 0 -2 7
10 —7/2] ,. 1o —7/2] , 10 0] , 1
2Rt la g1 e | 2B g 1 1y | 2RI 1o 1 2] 2R
0 0 8 0 0 1 00 1 0

o = O

The three row vectors are linearly independent (none of them was reduced
to the zero vector). Therefore, {[1 1 —3],[0 2 1],[1 —1 4]}isa basis
for R(A).
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Since the three column vectors are standard unit vectors, { |0] , | 2 |,

is a basis for C(A).
Now, lets find N/ (A):

1 1

1 -1

1 1 -3 0 1 0 0 O
02 1 0o/ %% 1Jo1o0o0
1 -1 4 0 0 0 1 0
So,
x
NA) ={|y| : 2=0,y=0, 2=0} .
z
In other words,
0
N(A)={]|0]}
0
0
Thus, {|0|} is a basis for N'(A).
0
(3)
2 -4 0 2 1
A=1]-1 2 1 2 3
1 -2 1 4 4
Lets row-reduce this matrix:
2 402 1], [1 20 1 1/2] —2 0
1 2 1 2 3/ 2% |1 2 12 3|ty o0 1
1 -2 1 4 4 172144_ 1 -2 1
1 -2 0 1 1/2 1 -2 0 1 1/2
Ry 01 03 72| 2Rt 0 0 1 3 72
0 0 1 3 7/2 0 0 00 0

From the row-reduced form, we infer that {[2 —4
2 0

0 2 1],[-1 2

is a basis for R(A), and {|[—1|, [1]|} is a basis for C(A).

1 1
Now, lets find N(A):

27

W =

1/2
7/2

3}



J
“3ay — (7/2)z5}

1/2 0
13 7/2 0
0 0

-2 0 1
0
0 0

1
0
0

GJ
5

DX = 21‘2 — T4 — (1/2)1‘5 , T3

10
1 2 3 0
-2 1 4 4 0

In other words,

-4 0 2
2

2
-1
1

|

So,
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Exercise 5 Is
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1 0 0 O 1 0 0 O
Ri+R, |0 1 0 Of —2rR4+Rs (O 1 0 O
0 01 2 0 01 0
0 0 0 1 0 0 0 1

Since all column vectors in the reduced row-echelon form are standard uni-
tary vectors, the original four column vectors are a basis for R%.

1 0 0 -1
. -1 1 0 0 . 49
Exercise 6 Is ol lol 121l 11 a basis for R*7
0 -1 |1 0
1 0 0 -1 (1 0 0 -1 1 0 0 -1
-1 1 0 0| Ri+R |0 1 0 —1| Ry+RrR, [0 1 0 -1
0 0o -1 1 0o 0 -1 1 00 -1 1
0o -1 1 0 0o -1 1 0 00 1 -1
1 0 0 -1 1 0 0 -1
Rs+Rs (O 1 0 —=1| Rs+RrRs |0 1 0 -1
00 1 -1 00 1 -1
00 -1 1 00 0 O

Only three column vectors in the reduced row-echelon form are standard
unitary vectors. Therefore, the original four column vectors are not a basis for
R

7 Abstract algebra

Exercise 1 There is only one group G of order 4 where z+x = e for all e € G.
Find its Cayley table.

Let (G, +) be the group we are looking for. Since x4z = e, its Cayley table
has the following entries:

+le a b
e | e b
a|a e

b |b e
c|c

Since each element of G must be once for each row and column, the remaining
entries must be as follows:
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o o o+
o 9 oo
S0 o 9|9
Q0 oo
o >olo

Exercise 2 Find all the groups of order 4 (remove automorphisms). Use Cay-
ley tables.

All Cayley tables must have the following entries:

—|—‘e a b c
ele a b ¢
a | a
b lb
c|ec

Since a + a cannot be a:

Table 1 Table 2 Table 3
—i—‘e a b c +le a b ¢ +le a b ¢
ele a b ¢ ele a b ¢ ele a b ¢
ala b ala ¢ ala e
b |b b lb b |b
c | e c|ec c | e

From Table 1, only the next table can be derived:

Table 1.1
+ ‘ e a b ¢
e | e b ¢
ala b ¢ e
b|b ¢ e a
clec e a b

From Table 2, only the next table can be derived:

Table 2.1
+ ‘ e a b c
ele a b ¢
ala ¢ e b
blb e ¢ a
clc b a e

However, Tables 1.1 and 2.1 are equivalent if we interchange b and c¢. Namely,
there is an automorphism between both groups.
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Table 1.1.1 Table 2.1.1

+ ‘ e a b ¢ +le a ¢ b
ele a b ¢ ele a ¢ b
ala b ¢ e ala ¢ b e
b|lb ¢ e a clec b e a
clc e a b bbb e a c
From Table 3, the next tables can be derived:
Table 3.1 Table 3.2
+ ‘ e a b ¢ + ‘ e a b ¢
e | e b ¢ ele a b ¢
ala e ¢ b ala e ¢ b
b|lb ¢ a e bbb ¢ e a
clec b e a clc b a e

Because of the diagonal of identity elements, there is not an automorphism
between Table 3.2 and any other table. Nevertheless, there is between Table 3.1
and the other tables, where a is interchanged by b or c.

Table 3.1.1
+ ‘ e b a c
e|le b a c
b|b a c e
ala c e b
clc e b a

Since all possible combinations have been explored, there are only two groups
of order four. Their Cayley tables are Table 3.1 and 3.2.
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